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STRENGTH OPTIMIZATION OF THE SHAPE OF A VISCOELASTIC
INHOMOGENEOUSLY-AGING REINFORCED ROD

L.V. GENKIN and V.B. KOLMANOVSKII

The problem of selecting the shape of a minimal volume rod for which normal stresses
in the reinforcements and the main material do not exceed given values is examined.
Relationships are established that govern the optimal shape. The dependence of the
optimal shape on the magnitude of the bending moment and functions characterizing
the inhomogeneity of the aging is studied. Results are presented for numerical com-
putations. The research continues the investigations in /1-3/.

1. Formulation of the problem. A viscoelastic reinforced rod of length | is in
the undeformed state along the  -axis. A bending moment M (z)acts on the rod in the longi-
tudinal plane, which is its plane of symmetry. We introduce a Cartesian coordinate system
Y, 2z, in the rod cross-section, whose origin coincides with the center of gravity of this
section. We take the neutral axis as the y axis, and the z axis perpendicular to y and in

the plane of the transverse section (Fig.l). Let the subscripts ¢ and 0 refer to the rein-
forcements and the main material. Thus ;' ({, ) is the normal stress in the i-th bar of the
armature in the section z&={0,{] at the time £ >»0: i=1,2,...,n {# is the number of bars

in the reinforcement. Analogously, the normal stresses in the main material are denoted by
oo (t, z, z), where z is the distance to the neutral axis. The

o 0 0o o 0o 0o o cross-sectional area S (%) should be selected such that the
volume of the rod
h(z) !
V={S@dz
8
2 4
dz would be minimal and constraints on the normal stresses would
2, be satisfied (the numbers a, and @, are given)
i
ooolooo los' (8, 2) | ooy [00 (1,7, 2) | < g (-3
0Lzl 0Kty i=1,2,...,n
7 The reinforcement location is given and is fixed, where
z 7? the projections of the reinforcement bars on the yz plane are
Fig.1 enclosed in the rectangle | ¥ [ <C¥a [21< 2z, The quantities

y, and 2z, are given and identical for all sections.

Let us derive formulas for the normal stresses under the following assumptions: The center
of gravity of the reinforcement agrees with the center of gravity of the main material in each
section of the rod; the rod transverse sections remain planar during deformation and the law
of plane sections is valid; the deformations &4 (f, ) and the stresses 0g' {f, &) in the reinforce-
ment are related by Hooke's law.

a.t (t, 2) = E.e. (¢, ) (1.2)

The main materxial is assumed viscoelastic and inhomogeneously aging, i.e., /1/
t
El
&0 (t, 7, 2) = 0 (t, 7, 2) E’;‘—Sau(t,x,z)T;C(t—!—p(z),‘t«}-p(x))dt (1.3)
H

C,)=9(T)[{—e¥0, v>0,t>1

Here E, and £, in (1.2) and (1.3) are constant elastic moduli, the piecewise continuous
bounded function p (zr)is the age of an element with the coordinate r relative to an element with
the coordinate z =0; C (£, v} is a measure of the creep, the function of the aging 9 (1) >0 is
continuous, decreases monotonically, and tends to the measure of the creep (, of the main
material in its old age as 1 -» oo,
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In conformity with the law of plane sections and (1.2), we have

o (t 2, 2) = 0 (8, 2) 2, 6,7 (£, 2) = E,0 (t, 2) z (1.4)

(the function ® (£, ) is the curvature of the rod cambered axis, and z; is the distance between
the y axis and the I-th bar of the reinforcement in the section x).

Let R (E,t 1) be the resolvent of the kernel (8/d1) C (¢, T)

with the parameter £. Then
there results from (1.3) and (1.4) that

o, (¢, z, 2) = zb (¢, 2) (1.5)
¢

b(t, z) —_—_Eo(a)(t,x) +E,,Sm(r.z)R(Eo,1: +p(z),t+p(x))d1:)
0

Let us form the equilibrium equation

n
2 Sai0a’ (t,2) 2 + § 00t 7, 2) 2h (2) dz = M (z)
i=i 5

Here S,' is the cross-sectional area of the i-th bar of the reinforcement, &, is the
transverse section of the main material, and k (z)is the width of a cross-sectional element.
We replace o, and g, by (1.4) and (1.5) in the equilibrium equations. Using I, and I, for
the corresponding moments of inertia of the sections with respect to the neutral axis, we
obtain that

t

w(t,z) + (1 —P) Ep Sm(r, z) R(Eo,t +p(2),1 +pa))dr =
0
M(z)p

Iaa

, Iazi.s’aiz,ﬁ, Iozgz’h(z)dz
B

i=1

B=T.Ea(loEs+ [,E)Y 0P

Solving the last integral equation for the curvature ® we conclude on the basis of the

second relationship in (1.4) that the normal stress in the reinforcement is given by the
formula

t
ot it, z):M—g)—ﬂ—-z, (1 — (1 —P) Ey X S R (Edf,t+p (@), 7+ p(2)) dv) (1.6)

(the fact is used that the resolvent of the kernel R (E,t, 1) with the parameter (1—f)E equals

R (EB, t, 1) {(see /4/, for instance)). Hence it is seen that the greatest normal stress will

be in that bar of the reinforcement for which the quantity |z; |is maximal, i.e., equals z,.
The representation

s

¢
RE1 1) =y @@ e { oo a] 5 () =7vs + vE§ oo dsy
T o
is known from /1/. Consequently
¢ . .
§ R(E.t +p(),t +p()) dv=Jo(t, B) = — v (p (z)) S exp L— vs — Eofy S ¢ (st +p (@) dsx] |ds (1.7
o 0

It is clear that the function Jo(f, B) is negative and decreases monotonically in .
Hence, the relationship (1.6) permits rewriting the first of the inequalities (1.1) in the
following equivalent form

%la 5 1.8
F(ﬁsp)<‘;{(—z)—z“—-—% (1.8)

a

FB.o)=B+B(U =BT B0 J (B p) = —E, lim J, (¢, B)

Let us manipulate the second of the constraints (1l.1) in an analogous way. We first find
an expression for the function b (¢, z) defined by (1.5). Substituting the functions (1.5} and
(1.6) in the equilibrium equation and using the definition of the quantity B, we obtain

b(t, ) = M (2) E;ETM B U+ BEJo (2, B)] (1.9)
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Because of (1.5), (1.9), (1.7) and the function Jo(t, B) that decreases monotonically in
t, the second inequality in (1.1) is equivalent to the following (r (z) is the distance from

the y axis to the most remote point of the
pr (z) < @,

Thus, the problem formulated reduces
for which the volume V is minimal and the

2. Optimal shape of the cross-
section is symmetric relative to the axes
guadrant by a single-valued positive func
denote the least root of the equation

F B, p) = %

If (2.1) has no roots for 0P <1,
alent to the following

It is seen from the definition of f and f
duces to determining the function f{¥) (eac

for which S, (z) = min,

U
Se@=4410

o

main material in the section z)
Oy = Eol (MEy) 0y

to determining that shape of the cross section S, (z)
constraints(1.8) and (1.10) are satisfied.

(1.10)

section. Let us assume that the shape of the
y and z , and its boundary is given in the first

tion f(y) , i.e. z=f(y) for 2 >0,y > 0. Let @,
Gy = a0, M (2) 2,7, 0P Kt (2.1)
then we put f,=1. The inequality (1.8) is equiv-
p<Ba (2.2)

rom (1.10) and (2.2) that the initial problem re-
h for each section 2z) possessing properties noted,

I, (z) = €,
W B (2.3)
) dy, Io(z)=-—3~SI’(y)dy

0

1,E 1 r(a)
€= 2% { max —— _—)—1)
! E, Ba ' @
In a number of cases the optimal shape of the section is a rectangle. For instance, let
a beam not be reinforced and let there be no lower bounds on the shape of the section. We
assume that the function fo ¥). 0 <y € yp solves the problem (2.3) in a certain section =z ,

and we consider in addition, a rectangle
metric relative to these axes.
where [ is determined from the condition
to the neutral axis of the rectangle and
equal. Because of the condition f,(y)<r
S (z) defined by the function f, (y).
of the section is a rectangle.
the section among rectangles.
section of the reinforcement is enclosed

zZ

This means that the problem (2.3) reduces to minimizing the product yz
straints (2.4) and the condition 4yz3 > 3C,, where (, is defined in (2.3).

altitude of the optimal rectangle by 2z,
duce the new variable § = yz.
s, 2

The altitude of this rectangle is

with sides parallel to the y, z axes which is sym-
2r (zr) and the width is 2,
1 =3I, () (4 (x))"'. The moments of intertia relative
the figure determined by the function f, (y) here are
(x), the area of the rectangle 4r (z)! does not exceed

Consequently, in the case considered the optimal shape
Even in the general case we shall see the optimal shape of
It is here natural to consider that the main material in each

by the main material, i.e.,

> Za, Y2 Yo (2.4)

under the con-
We denote the

and the width by 2ye. It is convenient to intro-

The formulated problem takes the following form in the variables

s—min, s> max [s (2), s, (2), 2y0), 2 > 24 (2.5)
3 Ea g § -
51(2) =7 g, la(@ — 1)z
3 E -1 -
Sa(z)=_2 2] —1)z2
‘l() Z E, a(ﬁa )
Let us note that the optimal value s¢ = yoz also satisfies the equation
so = min max ls; (z), s, (2), zy.] (2.6)
2> a
Let us introduce the numbers A,,..., hy whose meaning is clear from Fig.2. The root h,
is here the intersection of the curves § and s, which always exists and is unigue « The
unique root h, also always exists. It can be verified that
I . 3 a ‘s
m=afil, h=4 e LEE 1) 2.7

hs = 28y = 200E,I, (ME)™
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Finally, hy and h, are two positive roots of the cubic equation s, (z) = ysz; they may
coincide, and can also not exist. Investigation of (2.5) and (2.6) shows that the following
variants are possible depending on the parameters of the problem:

1) ret either & Chy<Cza Chy Or hy L hy << hy and k< 7. Then

%o = 2o, Yo = Sy (2a)2a as s (Za) K Yohty
Zo =l Yo o= Ya as Sy (za) > yabag
2) Let Ay s{h<Chy and hy > 2.. Then

20 =Ry Yo =5 (ks as s () < Yoy
%o = hyy Yo = Ya ag Sz {hl) > yﬂ‘;“"t
In all the remaining cases {for instance, if bk, < hy and zo<h;, if h,>h,, etc.)there

will be Z0 = MAX (24, Bo)s Yo o= Yo

Therefore, the optimal shape of the main material is a rectangle which can have either
the minimal possible width or minimal altitude depending on the parameters of the problem.

§
ué
2 /a, P £m
; ~l__17
{ (25 =15
| \\\ 2
N AT I
, 15
] / = w\“_-_,_ 5
! 75 = 7
i W J{? 4 p days
{ Z 4 £ i Hm
a4y by oz, Pig.3

3. Optimal section shape for large values of the moment M {%)}e Let us find
formulas for the numbers k; as M — oo, Because of (2.7), we have

hyv>0 as M— o (3.1}

Let us study the behavior of hy. To do this, because of {2.7) it is sufficient to study
the behavior of B, as M - 0. The number f,.is defined as the root:of {2.1) in which the
guantity G, —0 as M -»oco. This means that by using the Lagrange inversion theorem (/5/,
p.507} , we obtain

Ba == ;% VS ni=( 4+ JO,p =1+ Ep @)1 >0
e e ]
itoagit t+{ -~ 7B p f}B=o

Yi ==

It hence follows that

o

L= [ Vo] [ S ]

j==1 =1

Convergence of the series in the right side means that

ML,__:_J:__FO(”__&M%M‘PO(&), M s 0
ﬁaf Yi%a a‘ala

There results hence and from (2.7} and (1.10) that
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ok,

by~ g 1+ B @) 200 M >0 (3.2)
B~ SEalu 1+qu) e (z)) M s Mo oo
? [ LB, al, - '

Finally, for sufficiently large M two positive roots hy and h, exist for the cubic equa-
tion 8 (2)= Yaz . The greatest of these h, satisfies the following relationship because of
the Cardano formula

e 3E, ]"' (3.3)
hy 5 [—__4Uu‘a25c% M] , M-

The relationships (3.2), (3.3) and (2.7) permit setting up the optimal section shape for
sufficiently large values of the moment M. Let us present it. Because of (3.1) and (3.2),
for sufficiently large Mwe will have

hy < by < he (3.4)
Let us introduce the functicn
$2(2), 2
122>

We recall that s, (z) decreases monotonically, while $§ (z) decreases monotonically for
22> hs. Because of (3.4), the function g, (z) therefore also decreases monotonically. On the
basis of (2.6) we consequently conclude that the optimal value is so = max (Ygh,. ¥ah,). However,
h, < h, (in the opposite case, there would be hy > hy; because of the decrease in the function
s, (z), which contradicts (3.4)). Hence, for sufficiently large M the optimal value is s = hylo-
This means that for large M

53 (2) = max (s, (2), 52 (2)) = [

Zo = hyg, Yo = Ya (3.5)

The dependence of the optimal altitude 2o on the moment M is here given by (3.3). It is
seen from the relationship (3.5) that for sufficiently large moments M the optimal shape is
independent of the material age. However, that critical value of the moment Mo, starting
with which the optimal section shape is given by (3.5), is already dependent on the material
age, where Mo diminishes as the age increases.

A graph of the dependence of M, on p is constructed numerically in Fig.3 for an aging
function of the form

@ (p) = aol(¥0) + Co (3.6)

for the following values of t}—]f parametexs I, = 2.2 m4, =2 m, y%: 2 m, Co= 1.0-10-* MPa_l,
gy = 1.42.10°°* MPa, v=003 days =, @ = 1.6-!07 N/m”, ap= 1.5-10° N/m”, E,= 1.96.10° MPa, g, = 2.54.10%
MPa.

The optimal shape of a cantilever reinforced beam loaded by a lumped force at the free
end has also been cobtained numerically (the solid curves 1, 2.3 correspond to values of p equal
to 3,5, and 20 days). The dashed curves 1,2,3 depict the dependence of the altitude of the
optimal section on the age p for values l2.lO7, 9.107, and 6.107 Nm of the moment, respectiv-
ely.

We note alsc that

9B./0p > 0 (3.7)

Hence, and from (2.6) there results that the dependence of the optimal transverse section
shape on the age p (¥) will decrease as p increases for a fixed value of the moment M (z). More-
over, the area of the optimal section will also decrease as p grows.

Let us prove the formula (3.7). If G,>1, then fi, =1, , i.e., df,/dp = 0. This means
that for @, > 1 the inequality (3.7) is satisfied. Now, let @, < 1. Then B; <1 and the fol-
lowing inequality is valid

aJ (B, p)lop <0 (3.8)

Indeed, by differentiating and integrating by parts the expression (1.8) for J(§, p) we

obtain
a7 (B, p)ap = v/ (B, p) [0’ (0)/vo(p) + BEs(p) + 11 — YEop(p), ¢' = 09/dp

Hence, and from the positivity of the integral in (1.8) it is seen that
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. ) 1 -
sign 8J (§, p)fdp = sign [8+ v {p) ~ m] e
1 ¢ {p)
0 =T (1 35 67)
It follows from the properties of the function ¢ (p) that Up) and ¢(p) are monotonically in-

creasing functions, while the limit of ¢'(p)equals zero as p -woo. Consequently, W(p) is a
monotonically increasing function and

%L’ﬁ Plp) = (EoCq)t (3.10)

If B-F ) <0, then (3.8) is satisfied by virtue of {3.9). Now, let B-+u¢{pi>0 We
rewrite (3.9) in the following equivalent form:

sign 87 (B, pYldp = sigglJ (B.p) — J1(B, )] (3.11)
Ji(Bs o) = (B4 Nt

H
Let us fix B. We assume that there exists such an age ps that J (B, po > /b, pol- We
prove that for any p >
By b} > Ji(B. po (3.12)

Let us assume the opposite. Let p be the first age greater than pe for which (B p1) < Jy(B,
pg). We examine the segment Ipe ;l- Since J (@, po) =7 B, p1), then because of the differentiabil-
ity of the function (1.8) with respect to p, there exists a 03 {pe, /) such that &6, p)f

4 < 0. Then on the basis of (3.11) there will be J(§, p) < /3B, p). From the properties of
Y{) there results that J;(f, ¢} is continuous and decreases monotonically in @  Hence, it
follows J(B, po)<</; (B, po} from the preceding inegquality which contradicts the definition of #&
since f:<{p. Therefore, the assumption about the existence of p;is false. The relationship
(3.12) is proved.

On the basis of (3,10) we have

. 1 -
3:—13;}1 B:p)=q, g= (a + cho>

At the same time, from (1.8} there results the inequality
S B P <o)/l
This means that for any &>0 there exists a ps>>ps such that for p>ps there will be
J B, p)<q-+ e Setting &= JSi(B, po)— ¢ >0, we obtain
JBo0)<g+ B pod —q) == J By po)y p>pa
This inequality contradicts (3.12). Hence, the assumption about the existence of po is
false. This means that for all p there will be J (B, p)<Vi(B,p) Hence, (3.8) follows from

(3.11).
Now, let us consider the solution $, of (2.1) as a function of the age, i.e., fs = fa (0}

We write the equality ,
d a ap, (p) 3
“é'p‘p(ﬁa (p)v py= "5'5' F (ﬁ* o) BB {p) " a§p + _‘3‘?_ F (ﬁ» P) BB, (9}

By the definition of Ba we have F (fs(p), p} =@ from (2.1), i.e.,

o5 P B =0 5 F (B.p) g, >0

Taking (1.8) into account, we have (8/0p)F (B, p) <C 0 because of (3.8). Hence, 9B, (p)op =
0 is necessary to achieve the equality written above. Formula (3.7) is set up. From the

preceding there results that TR o< Ty (6. p) ana
lim J (B, p) zplim B =1
FeE el
We hence obtain the estimate
g < I (B <Ip+9 N

These estimates are the more exact, the greater the p. Estimates for @b follow from
these inequalities and (2.1}:

_[1-§ -
B[ g 4| < Tl = ) EoCo + 117
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which are convenient for large p.as well as for large moments when @, is small.
For an aging function of the form (3.6) we have from (1.8)
JB o) =
AR ¥ o 7

 f By {ay

By, = BE.C,

The integral in this formula is a degenerate Schlémilch hypergeometric function. In this
case the inequality (3.7) can be set up directly by integrating the expression for J (3, p) by

narte
parts.
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